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Ab s t r a c t 
In this a r t ic le  a 
sys tem is developed. 
theory of the general  per turbat ions of a planetary 
The per turbat ions of the position vec tors  of each planet a r e  ex- 
panded into s e r i e s  a r ranged  in p o w e r s  ziid p r ~ d u c ? s  c)f the  m ~ s s r s  m i  , 
mz , . . . , m,, of the planets constituting t h e  sys tem.  Perturbat ions of 
different o r d e r s  a r e  obtained i n  the form of s e r i e s  containing the purely 
periodic , the secular  and the mixed t e r n i s ,  in accordance witn s tandard 
astronomical  prac t ice .  The iniluence of rhe lower o rde r  perturbations 
on the higher o rde r  ones i s  determined. 
Typical differential equations a r e  iormed determining those p e r -  
turbations of the ith planet which a r e  proportional to m k ,  m k m , ,  
m k m p m s  ,.. . . The right s ides  of these  differential equations a r e  
obtained as  the corresponding te rms  in  the Maxwellian expansion of the 
gravitational fo rces  in t e r m s  of multipoles.  The ,-orr.enta of these 
multipoles a r e  the perturbations of a l l  possible o r d e r s .  
The explicit calculation is ca r r i ed  out he re  fo r  the per turbat ions of 
the f irst ,  second and third o r d e r s ,  and the procedure fo r  determining 
the higher o r d e r  perturbations is outlined. 
Decomposing each perturbation of any par t icu lar  planet m, along 
the undisturbed position vector ?, , along the undisturbed velocity Gi , 
and along the unit vector Rl normal  to the undisturbed orbi ta l  plane , 
we deduce the differential equations to  a fo rm easily integrable by 
quadra tures .  After the integration i t  is rnore convenient in pract ical  
applications to  replace t h i s  decomaosition of perturbations b y  the de- 
composition along y l ,  E, x r ,  and Rz . The problem of the constants of 
integration is t rea ted  for  the case of the elements  osculating a t  the 
init ial  moment and fo r  the case  of the mean elements .  The r e su l t s  
given he re  extend and generalize the au thor ' s  previous r e su l t s  on the 
c a s e  of the whole planetary system. The method suf fers ,  however,  
f r o m  disadvantages common to all as t ronomical  methods of the genera l  
planetary per turbat ions.  It is not applicable to  pa i r  of planets if  
t h e i r  o rb i t s  approach each other very closely.  
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Basic Xotations 
I -. 
= tile gravitational c on s: t ant 
= the m a s s  of the i th  planet, the mass of the sun is put equal 
to one 
= the undisturbed position vector of iiic i th  planet 
= 
- d?; 
d t  
the unit vector normal  t o  the Undisturbed orbit  plane of the ith planet 
i 
- -  
= the perturbations in the position vector of the i th planet 
= perturbations in Fi  proportionai to ma 
-.. 
mP = perturbations in r i ,  proportional to m a  
-.+ = perturbat ions in r i  proportiozal to m,m m B Y  
= the del operator  with respec t  to g ,  
= Vi exp ( h  - VI) 
= - v j  cxp ( b  C j i  V j )  
i 
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ON THE GENERAL PERTURBATIONS OF THE 
POSITION VECTORS O F  -4 PLANETARY SYSTEM 
INTRODUCTION 
In this ar t ic le  a theory of general  perturbations of a planetary s y s -  
t e m  is developed. 
planet is developed into a s e r i e s  in powers and products of the disturb- 
ing I X I ~ S S S S  and ictc? a s e r i e s  containing - the per iodic ,  the secu la r ,  and 
the miued t e r m s  with respec t  to t ime. 
The perturbations in the position vector  of each 
Such a way of represent ing the i n t e g r d s  of the disturbed motion is 
in accordance with standard astronomicai practice.  From the purely math- 
ematical  standpoint, this solution can be affected by all  the difficulties 
associated with the near  resonance conditions caused by the small 
d iv isors .  
We establ ish the differential equations fo r  perturbations propor  - 
The explicit calculation i s  ca r r i ed  out through the per -  
t ional to the powers and products of m a s s e s  in a f o r m  integrable by 
quadra tures .  
turbations of the th i rd  o r d e r .  
necessa ry  to  include the perturbations of the fourth and higher o r d e r s .  
However ,  an outline of the procedure fo r  including the per turbat ions of 
even higher o r d e r s  is indicated here .  
In our planetary sys tem i t  i s  r a r e l y  
The problem of a d i rec t  determining of the general  perturbations in 
the position vectors ,  including the effects of higher o r d e r s ,  became pos- 
s ible  only in recent  years  with the advent of electronic computers.  
decomposing the Perturbations byi 2long the directions of T i ,  and Ri , 
[-Musen and Carpenter ,  19631 one can integrate the variational equation 
of the problem by Hiills [1874] procedure directly without resor t ing tG 
the method of variation of astronomical constants. 
the same  decomposition a s  a n  intermediary step; but :he final decomposi- 
tion of the perturbations will be along r i  , tii xi; and Rl , in o rde r  to 
reduce the components of the disturbing t e r m  on the right side of the 
variational equation to a simple form. In computing the higher o rde r  
By 
We shall  use  here  
+ -  
1 
. 
perturbations,  i t  will be necessary  to expand the disturbing io rces  i n  
powers of perturbations in the position \rectors. Maxwell 's method of 
expanding the electrostat ic  Fotential in t e r m s  of m,ultipoles by employing 
symbolic operz tors  [ 1904,  3 rd  ed] can be used profitably also in planetary 
theories.  In our  exposition the moments of the multipoles a r e  the pe r -  
turbations of different o r d e r s  of the position vectors.  
way of expanding the disturbing forces  in t e r m s  or the perturbations of 
the position vectors  will lead to a duplication of Maxwell 's expansion, 
but through a m o r e  laborious writing. 
Evidently any other 
In the theory of perturbations of the position vec tors  we achieve 
economy of theoret ical  thinking a s  well db rcoi;cmy nf cnrnplrting 
machine t i m e ,  because a set  of homogeneous operations is being con- 
szantly repeated.  -411 these circumstances suggest that future methods ' 
of calculating genera l  perturbations will be based on the expansion of 
the perturbations in the position vectors direct ly .  
The Differential Equations of the Problems 
Putting 
w e  s h a l l  make use of Maxwell expansion of the spherical  functions a s  
defined in t e r m s  of multipoles. We have 
. n  n 
hJ k = 3  
n 1 
2 
I -  
I .  
I -  
-+ here  
respec t  to  r ,  and the s u m s  
2 , . . . , an are  constant vec tors ,  V is the del-operator with 
2- 
k'3 
designate the s u m s  of all t e r m s  as obtained f r o m  the f i r s t  t e r m  by 
means of the permutat ions of all n indices. In pa r t i cu la r ,  we have 
. . - I -  
3 
. . . , . . . . . . . . . . . . . . . . . . . . .  
The gradient of the spherical  function v ( " )  is obtained f r o m  the 
ant 
- 
Maxwellian expansion of q5(nt1 
bytheidemfactor  I. 
simply by replacing the moment 
Thus f rom ( 2 )  - (6): 
4 
. 
I - -  
. . . . . . . . . . . . . . . . . . . . . . . . . . .  
The differential equation of the dis turbed motion of the it!' planet 
can be writ ten in the form 
i, CT = 1 , 2 ,  -..n. 
Taking the equation 
LL? 
d t 2  1 
d2 Yi $ 1  - = D i t _  
5 
into account and introducing the vectorial  differential  opera tors  
which per form the development of (1  1) into a power s e r i e s  in the com- 
ponents of 67, (k = 1 , 2 ,  ... n)  we obtain f r o m  (11) the differential equa- 
tion for  SYi  in the f o r m  
- 
The perturbation vector 5 r i  can be developed into a s e r i e s  with 
respec t  to the powers  and products of the disturbing m a s s e s .  We put 
where 7; is proportional to m a y  and?:$ is proportional io ma mp e tc .  
The fac tors  in front of the sums in (15) a r e  introduced in o rde r  to r e -  
move la rge  coe3icients  in higher approximations. 
We dzfine Yyfi , Yym y . .  . in such a way that they remain invariant 
under the permutations of the upper indices: 
Symbolically, 
-. b 
where in  per iorming the development and the symbolic "nzultiplications" 
the indices a r e  not being added, but written in a r o w .  We have also 
We s h a l l  now deduce the differential equation for  determining p e r -  
turbations of the f o r m  
f i r s t  under the assumption that there  a r e  no identical indices among 
k ,  p ,  q, . . . Retaining only the substantial t e r m s ,  we have 
+ r ... , 
Substituting these values into 
7 
. 
63, -0 CGJ -V1 )2 
D = U  + ' D  + 0, f 
1 '  1 I! 1 2! 
I 
and again retaining only t h e  necessary t e r m s ,  we deduce: 
(18) 
e 
These developrnects of the operators  Dl -0 J 
compute the  genera l  planetary perturbations even up to the fonrth 
o rde r  if necessa ry .  
and D, pe rmi t  oiie to 
We will establisii the differential equations f o r  dEtzrmSning the 
perturbations up to the third order. 
quiring the perturbations o i  t h e  fourth orGe2 w i l l  be ,  grobably,  very 
r b r e .  Xowever, in some c a s e s  ~ r '  very shayp comrnensurabiii t ies of 
mean motions, the question r e ~ ~ a i ~ i s  open and fur ther  numer ica l  in- 
;-est lgatlons z r e  s e c e s s h r y .  
raining only t t e  t y i i ca i  operaror s ,  we kzve: 
LI our solar sys tem occasions r e -  
Subs:iixting (18) and (19) into ( i C j  and r e -  
. .  
9 
Cornlaring the t e r m s  of the same  d'zgree in the disturbing m a s s e s  in 
the left and right s ides  of ( 2 0 ) ,  we obtain the basic equations for de- 
termining the genera l  perturbations up to the third order:  
where  
1 
r .  d t 2  1 
d2 75 
- -  I - p; (?;.vi Vi - + q ,  
k 1 'k F i  = -  
1 + m i  

8 .  
’ -  
The equations (21) - ( 2 3 )  caii be written in the f o r m  
The  terms in the right s ides  of (27 )  - (2? )  a r e  the 22rt ia l  gradients of 
the s u m s  cornposeci of the eierze:itzry s2i:erical functions,  with the 
morrents  equal to t n e  2erturbations in r 
Making use of (24)  - (26) we ohtain 
- and zkl (i , ic = 1 ,  2 . . . , n ) .  
-+. 
also the expanded f o r m s  of the typical terms in F:’: 
1 2  
4 
and the expanded forms of the typical t e r m s  in F t P q  : 
13 
Integration ?roceckre 
The typical difierential  equatior, which appears  in the problem of 
the general  perturbations in the position vec tors  has  the form 
14 
where 
(40) 
and Fi is a series with t!ie per iodic ,  secular  and mised t e r m s .  
tion (46) is the variational equation of the iwo body problems.  
Equa- 
In order to reduce the solutions of (40) to  quadra tnres  we shall 
make use  of the substitution 
This dii fers  from the substi tLtions used Sy the author [1963] previously.  
 fie sxbstitution (41) was chosen because of a simpler f o r m  to  which 
(40) is reciuccd ~ h c r e h y  a s  compared with the e&r l i e r  exposition. It is 
unnecessary  to rezain the index i i n  the fur ther  esposir;iori: 
now omit it without l o s s  of clarity.  
m, 
we c a z  
It follows f r o m  (41) that 
15 
Subs:itKtincr ( 4 i )  and ( - 2 3 )  into (401, w z  oStzin t h e  vector ia l  difierectial b 
e q E a t io il 
l -  
w h i c h  can be irl tegrated by qu~dratures. 
(44) and 
Formkig  the  do: produc t s  of 
and taking 
into account, we have 
(45) 
16 
iv  K, + B. 
- nn - -  = F-Xxr d t ;  (49) 
- A 7- ,.e equation (45) can now bc iz tegrated using H i i l ' s  procedu-e 
[18741. SZ'e obtain: 
r r s = K - c o s  : 7 s, :- sip f t A ,  
' 2  - 3  
w h e r e  K, and X, are constants of integratior, 2nd w e  put 
- ~ , , e  1- vector 
3 y  r a f r s r  t h e  ir,segration is  corrLple:ed. 
rr ,etricii  series _- in t h e  mezs a:iomalies - of plaxets and the  a u s i l i a r y  
mean azornaly C associzted with i, ar-d IL CZZI z l so  c o ~ t a i n  the purely 
s e c d a r  an2 t he  ilzixed t e r m s .  
has to be replaced b y t .  Integrazicg t h e  second integral in (51) by 
p a r t s  and replacing 
s ign,  we oStaiz 
is considered as a tenipor21-~* constant and it i s  replaced 
1 -  The integracd 5s a trigoi2o- 
,'ir'tttr ;he integrLLion I s  per formed (1 
.-+ 
r x 7  b y  z e r o  when it  appears outside the integrcil 
17 
azd K,, E(, are constants of iz tcgrat ion.  
consider ing 
From (48) and (50 ) ,  acd 
we obtain 
where X, is t h e  additive conatz.:it o l  integrat ion.  
Tnz  iorms ( 3 0 )  - (31)  zf t he  disxurbing t e r m s  in the r i g k ~  s ides  of 
-*. - .  
the vzriational equations requi re  Lhe deccix?osition of 
r ,  , v i ,  R i .  Setting 
r; , r ? ?  1 ’  +. - - 4  - 
r f p q ,  . . . i n  the movii-ig iraLme r . ;  R l x  T i ,  3, r a t h e r  tkan in  tke iranie -.., - 
and taking 
F 1- On? 
we deduce 
_. 
and replacing v by its d ~ c o m p ~ s i t i o n  as given above we nave, a f t e r  
some easy vector ia l  trznsiorl-Aatil;r,s, 
- - - \  ( 5 3 ’ )  * i- i;:,;s >\ i ) ..it , J 
20 
r z ?  r 
3 ,  r ,  - C G S  f ,  and - s i n  f. a a - -  
31 
2 3  
3 3  
( 6 3 )  
w e  obtain icto ( 6 3 )  
( 6 6 j  
. . . . . . . . . . . . * . . . . . . . . . . . . . . . . . . . . . . .  
. 
Putting: n .  a? J 
n . f T Z ? ~ k = -  (2Ar t 3B;) d t ,  
r ?  1 1  
26 
. 
I -  
And substituting these, values into (64) - (66) and taking (59) into con- 
side ration" we obtain 
1 
2 
s i n  f i  t - e i  s i n  2 f i  
K k  
l i  - 
1 + e i  i - e i  cos 2f i )  
2 1 n .  
(- Xi: i ei  K:) ni t 
At" 3 
"i "i 
1 2 s i n  f i  t-- e .  s in  2 f i  
2 1  
K; ; 
"i q - 
) (2 cos f i .  + - ei  + - e  cos 2 f i  
2 i  1 1 
2 2 i  
+ 
"i 
27 
1 2 s i n  fi t - e i  s i n  2 f i  
2 
- 
"i 
1 1 2 cos f i  + - e i  + - e i  cos 2f i  
2 2 
+ 
We shal l  make use of the developments 
1 
2 
(+I cos q f i  = -cgq + c: cos 4i i c;q cos 2.e1 -i . . . , 
(gr s i n  q f i  = S';: s in  ti i S;: s i n  24;  + . . . . 
The coefficients in these developments are  computed ei ther  by some 
analytical  c lass ic  procedure or  by means of a harmonic analysis if the 
eccentr ic i ty  i s  not too sma l l .  
The t e r m s  of the f o r m  
must be absent in the developments of (70) - (71) .  
only the substantial  t e r m s ,  
We have, keeping 
(74) \v! = aii + fiti n i  t i- a t i  cos X i  t pi i  s in  4; 7 . . . , 
28 
In the prozess of computing the coefficients a and ’3, the m a c h b e  r e -  
j ec t s  a-;tomitically al l  the use less  terms, unless we decide to obtain a 
complete development of t h e  perturbations in the ti-iic lozgit1.de. The 
conditions fo r  the absence of the t e r m s  (73 )  in the right s ides  of (70) -  
(71) lead to the equations: 
(- K3 + e K1) t Po = 0. 
- - 3 Ci2.0 
2 n  
Separating in  Z!, Z t p ,  Z:Pq,. . . the te rms  with the argument 4 ,  we have 
Z t  = c i i  cos /i + si;; s i n  4, + . . . , 
29 
( i , k , p , q ,  . . .  = 1,2, . . .  , n )  
and the conditions for the absence of t e r m s  with the argument 4 in  
ik, Ckp, C k p q , .  . . lead to 
K, C;r1 t c1 = 0, 
- l h e  lower index i and the upper indices k, p ,  9,.  . . a r e  omitted in 
(77)  - (82) .  Evidently, this  is not causing any ambiguity. 
Conclusion 
The r e su l t s  given in t h i s  iiiticle represent  the extension and com- 
The theory given here  can a l so  be considered a s  a modifica- 
pletion of the r e su l t s  given in the author 's  previous a r t ic les  on this  
subject.  
tion and generalization of Hil l ' s  planetary theory ,  with the l a t t e r ' s  
inconveniences removed.  
pecul iar  to Hill's theory do not appear in the present  ex9osition. 
solution is given In the f o r m  which pe rmi t s  us to wri te  immediately 
the differential  equation fo r  the general  per turb i t ions  proportional to  
any p resc r ibed  product of m a s s e s .  Moreover , the vectorial  formal i sm 
pe rmi t s  us to penetrate  into the s t ructure  of higher o r d e r s  effects with- 
out grea t  difficulty. 
of the homogeneous operat ions.  
The interdependent constants of integration 
The 
Progra~mrning is a l so  facil i tated by the repeti t ion 
- 1  
0 i n e  {ormula (57) permi ts  one to obtain easi ly  the decomposition of - -. 
r:, r ;'., . . . . along the axes of the iner t ia l  sys tems,  i f  i t  is considered 
as  necessary. 
Or, rhe bas i s  of experience obtained a t  Goddard Space Fl ight ,  Center  
4 one Z2ig:lit expect that computing the per turbat ions of a given o r d e r  for  
is izclined to  believe that such methods will consitiute one of the pr in-  
one planet will requi re  only a few minutes .  
of the methods for  the general  perturbations in the pDsition vec to r s ,  one 
cipai  approaches to the problem in the Rot too distant future .  
Considering the simplicity 
e 
- 
c 
30 
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